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Abstract: We compute the fermionic contributions to the cusp anomalous dimension in QCD
at four loops as an expansion for small cusp angle. As a byproduct we also obtain the respective
terms of the four-loop HQET wave function anomalous dimension. Our new results at small
angles provide stringent tests of a recent conjecture for the exact angle dependence of the matter
terms in the four-loop cusp anomalous dimension. We find that the conjecture does not hold
for two of the seven fermionic color structures, but passes all tests for the remaining terms.
This provides strong support for the validity of the corresponding conjectured expressions with
full angle dependence. Taking the limit of large Minkowskian angle, we extract novel analytic
results for certain terms of the light-like cusp anomalous dimension. They agree with the
known numerical results. Finally, we study the anti-parallel lines limit of the cusp anomalous
dimension. In a conformal theory, the latter is proportional to the static quark-antiquark
potential. We use the new four-loop results to determine parts of the conformal anomaly term.ar
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1 Introduction
The cusp anomalous dimension is a universal and ubiquitous quantity in QCD and the effective
field theories describing its IR behavior as e.g. heavy quark effective theory (HQET) and soft
collinear effective theory (SCET). It governs the IR singularity structure of QCD scattering
amplitudes [1–5]. In the presence of massive partons the IR divergences are controlled by the
angle dependent cusp anomalous dimension Γcusp(φ, αs). It can be determined from the UV
divergences of a time-like Wilson loop with a cusp of (Euclidean) angle φ [4]. The light-like
cusp anomalous dimension K(αs) relevant for scattering of massless partons emerges as the
φ → i∞ limit of Γcusp(φ, αs) [4, 6]. It is the key ingredient to Sudakov resummation for
scattering processes at high-energy colliders.
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color structure sample diagram Γcusp(φ) φ 1 light-like γh
(TFnf )
3CR [7] [7] [8] [9]
(TFnf )
2CRCF [10, 11] [10, 11] [10, 11] [10, 11]
(TFnf )
2CRCA [×] [×] [12, 13] [14] [×]
(TFnf )CRC
2
F [15] [15] [15] [15]
(TFnf )CRCFCA [×] [×] [16]∗ [×] [14]∗ [×]
(TFnf )CRC
2
A [×] [16]∗ [×] [14]∗ [×]
nf
dRdF
NR
[17] [×] [16, 18]∗
[19, 20]
[17]
n1f , Nc →∞ [×] [12, 16] [×]
CRC
3
A [16, 18]
∗ [14]∗
dRdA
NR
[16, 18]∗ [14]∗
n0f , Nc →∞ [16, 21]
Table 1. Four-loop contributions to Γcusp(φ) and its limits in QCD as well as the HQET field anomalous
dimension γh. The
∗ marks numerical results. The results [×] are obtained in the present paper.
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In addition to the light-like limit, there are two more interesting limits, the anti-parallel
lines and the small angle limit. In the anti-parallel lines limit the cusp anomalous dimension
is in one-to-one correspondence with the static quark-antiquark potential up to terms that are
due to the conformal anomaly of (massless) QCD [10, 22, 23]. At small cusp angle the cusp
anomalous dimension is given by a regular expansion Γcusp(φ, αs) = −φ2B(αs) +O(φ4) in φ2,
where B(αs) is the Bremsstrahlung function [23]. The Bremsstrahlung function describes the
radiation loss of a slowly moving heavy quark in an external gauge field. Furthermore, the
cusp anomalous dimension determines the renormalization group (RG) running of the Isgur-
Wise function, a universal function in HQET [24, 25]. At small cusp angles it is used for the
extraction of the CKM matrix element Vcb from semileptonic B → D(∗) decays, see e.g. [26].
The QCD cusp anomalous dimension Γcusp(φ, αs) is known up to three loops [10, 27] in
perturbation theory for arbitrary φ. At four loops partial results are available and summarized
in table 1. At four loops in N = 4 super Yang Mills (sYM) theory the light-like limit of the cusp
anomalous dimension has been computed numerically [28, 29] and the full angle dependence is
known analytically in the planar limit [30]. In addition, the Bremsstrahlung function is known
exactly (to all loop orders, and including the full color dependence) in N = 4 sYM [23].
In [10, 27] it was observed that, up to three loops, the cusp anomalous dimension has a
universal structure. Namely, expanding Γcusp(φ) in K(αs) instead of αs, the coefficients of
Kn(αs) are universal. In particular, they are equal in QCD, pure Yang-Mills, and N = 4 sYM.
Based on their observation the authors of [10, 27] conjectured that this universality holds to
all orders in perturbation theory. The conjecture allows to predict the fermionic contributions
to Γcusp(φ) in QCD at a given loop order (up to a normalization factor) using only lower loop
results as an input. By ‘fermionic’ contributions we refer to terms that depend on nf , the
number of active fermion flavors.
A major goal of this paper is to check the validity of these predictions at four loops.
The idea is to predict the fermionic four-loop terms with full angle dependence and verify
the conjectured expressions against analytic results for Γcusp(φ) calculated in the small angle
expansion. This analysis was initiated in [17] by investigating the nf term proportional to
the quartic Casimir color factor. It was found that the conjecture does not hold for that
particular color structure. This may be connected to the special nature of the quartic Casimir
contributions, which appear at four loops for the first time in the perturbative expansion
and are the reason for Casimir scaling violation. It is therefore interesting to ask whether the
conjecture possibly holds for the other four-loop color structures. For the terms proportional to
(nfTF )
3CR, (nfTF )
2CRCF and (nfTF )CRC
2
F , in the following called ‘Abelian’ color structures
(as they are independent of CA), a quick answer can be given: these contributions are known
exactly, cf. table 1, and exactly comply with the conjecture.
This encouraged us to extend the analysis also to the other four-loop nf contributions,
where no explicit all-angles result is available to date. In the present paper we therefore
compute the corresponding terms up to O(φ4) and partly O(φ6) in the small angle expansion
and use them to test the conjecture. From the O(φ0) term of our Wilson loop calculation we
obtain analytical expressions for the four-loop heavy quark field anomalous dimension in heavy
quark effective theory (HQET). Our approach closely follows the lines of [17]. In addition,
we study the anti-parallel lines limit of the cusp anomalous dimension. Given our findings
regarding the validity of the conjecture at four loops we derive new terms in its relation to the
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v1 v2
φ
Figure 1. Wilson line with two straight line segments forming a cusp with Euclidean cusp angle φ.
static quark-antiquark potential.
The paper is organized as follows. In section 2 we present the setup and in section 3 details
of our calculation. Section 4 contains our four-loop results for the small angle expansion of the
cusp anomalous dimension as well as the HQET field anomalous dimension. In section 5 we
review the conjecture of [10, 27], test it against our results for the small angle expansion and
discuss the outcome. Section 6 elaborates on the consequences for the relation between the
cusp anomalous dimension and the static potential. We conclude in section 7. In appendix A
we collect all conjectured expressions for the four-loop cusp anomalous dimension with full
angle dependence.
2 Definitions and ultraviolet properties of Wilson line operators
We start with the definition of the cusp anomalous dimension in QCD. To this end we consider
a closed Wilson loop with a time-like integration contour C
W =
1
NR
TrR
〈
0|P exp
(
ig
∮
C
dxµAµ(x)
)
|0〉 = 1 +O(g2) . (2.1)
Here Aµ = A
a
µ T
a
R is the gluon field, P is the path-ordering operator and the trace is over
(color) indices in the representation R of the gauge group SU(Nc). A cusp in the integration
contour gives rise to UV divergences, which are renormalized multiplicatively [31]. The asso-
ciated anomalous dimension depends on the cusp angle φ and is correspondingly called cusp
anomalous dimension Γcusp(φ, αs). To compute it we conveniently consider a contour consist-
ing of two straight line segments along directions vµ1 and v
µ
2 (v
2
1 = v
2
2 = 1), which form a cusp
in the origin and extend to infinity where the contour is closed, see figure 1. The Euclidean
cusp angle is defined by cosφ = v1 · v2. In Minkowskian spacetime and for real v1 and v2 the
Euclidean cusp angle is purely imaginary leading to the definition of the Minkowskian cusp
angle coshϕ = v1 · v2, such that φ = iϕ. The full angle-dependent cusp anomalous dimension
was computed up to three loops in [10, 27, 31–33] and we use the same setup as in [10] to
calculate it in the small angle expansion at four loops.
The cusp anomalous dimension appears also in the context of heavy quark effective theory
(HQET), see e. g. [7, 26, 34]. In the HQET picture the Wilson line configuration depicted
above corresponds to a heavy quark moving with four-velocity vµ1 , then scattering at an external
(electromagnetic) source to instantaneously change its velocity to vµ2 . This allows us to compute
the cusp anomalous dimension using HQET momentum space Feynman rules for the heavy
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quark propagator and the heavy-quark–gluon vertex
v
p
=
i
v · p+ δ ,
v
= igvµT aR . (2.2)
The double line represents a heavy quark (or Wilson) line with v2 = 1 in the SU(Nc) rep-
resentation R. We take the heavy quark to be slightly off-shell δ 6= 0 in order to regulate
IR divergences in (2.1), since we are only interested in the UV divergences arising from loops
involving the cusp. The off-shellness δ can be interpreted as the residual energy of the heavy
quark. Without loss of generality we choose δ = −1/2 in our calculation.
We distinguish two types of Feynman diagrams contributing to the Wilson loop in (2.1).
The first are HQET self-energy diagrams, which are φ-independent. The second are (one-
particle-irreducible) vertex corrections depending on the cusp angle. The sum of the former is
related to the sum of the latter at zero cusp angle by a HQET Ward identity. Denoting the
sum of the vertex diagrams as V (φ), we thus have [31]
logW = log V (φ)− log V (0) = logZ +O(0) , (2.3)
where we have introduced the MS cusp renormalization constant Z. Here and throughout this
paper we use dimensional regularization with d = 4− 2 and we expand as
Γcusp(φ, αs) =
∑
k≥1
(αs
pi
)k
Γ(k)cusp(φ) . (2.4)
The cusp anomalous dimension is defined by the renormalization group equation (RGE)
Γcusp(φ, αs) =
d logZ
d logµ
, (2.5)
where µ is the renormalization scale. Iteratively solving this equation yields
logZ =− αs
pi
Γ
(1)
cusp
2
+
(αs
pi
)2 [β0Γ(1)cusp
162
− Γ
(2)
cusp
4
]
(2.6)
+
(αs
pi
)3 [−β20Γ(1)cusp
963
+
β1Γ
(1)
cusp + 4β0Γ
(2)
cusp
962
− Γ
(3)
cusp
6
]
+
(αs
pi
)4 [
+
β30Γ
(1)
cusp
5124
−
β0
(
β1Γ
(1)
cusp + 2β0Γ
(2)
cusp
)
2563
+
β2Γ
(1)
cusp + 4β1Γ
(2)
cusp + 16β0Γ
(3)
cusp
5122
− Γ
(4)
cusp
8
+O(α5s) .
From this expression we see that, at a given order in perturbation theory, the poles higher
than 1/ are determined by lower order results of the cusp anomalous dimension and the β-
function of QCD. The only new information at each loop enters through the 1/ term. For the
β-function we use
d logαs
d logµ
= −2+ 2β(αs) , β(αs) = −
∑
k≥0
(αs
4pi
)k+1
βk , (2.7)
with β0 =
11
3 CA− 43 TF nf . The relevant higher order coefficients can e.g. be found in [35, 36].
The parameter nf denotes the number of active fermion flavors.
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So far we considered the angle dependent cusp anomalous dimension Γcusp(φ, αs), origi-
nating from the UV divergences of a cusped Wilson loop with a time-like integration contour.
For a light-like integration contour the corresponding light-like cusp anomalous dimension is
denoted by K(αs). The light-like limit is reached for φ→ i∞ or equivalently for ϕ→∞ and
we have [4, 6]
Γcusp(φ, αs) = −iφK(αs) for φ→ i∞ . (2.8)
Finally we briefly discuss the heavy quark field renormalization in HQET. The corre-
sponding MS renormalization constant Zh can be obtained from the derivative of the HQET
self energy Σh(δ) w.r.t. the residual energy δ of the heavy quark using
log
(
1− dΣh
dδ
)
= − logZh +O(0) . (2.9)
Note that the L-loop term of Σh(δ) is proportional to δ
1−2L according to dimensional analysis.
Using the HQET Ward identity
V (0) = 1− dΣh
dδ
, (2.10)
we can relate the renormalization constant to the vertex function at zero cusp angle
log V (0) = − logZh +O(0) . (2.11)
This quantity is not gauge invariant (and not observable). The corresponding HQET heavy
quark field anomalous dimension therefore also depends not only on the strong coupling αs, but
also on the gauge. Choosing generalized covariant gauge a dependence on the gauge parameter
ξ remains:
γh(αs, ξ) =
d logZh
d logµ
. (2.12)
This RGE can be solved analogously to eq. (2.6) in a perturbative fashion. This time, however,
we have to take the dependence on the gauge parameter ξ(µ) into account, which itself is renor-
malization scale dependent. The relevant terms of the corresponding anomalous dimension can
e.g. be found in [35].
3 Four-loop calculation of matter-dependent terms at small angle
In this section we describe the computation of the cusp anomalous dimension at four loops
in the small angle expansion. We begin with the discussion of the color structures. Then
we describe the general computational workflow, including the calculation of the Feynman
diagrams, partial fraction decomposition, integration-by-parts reduction and the computation
of the master integrals. Here we follow in the most parts [17]. Finally we point out a subtlety
in the renormalization procedure of the off-shell and therefore gauge-dependent Wilson loop
in order to obtain eq. (2.6).
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3.1 Color dependence of Γcusp to four loops
The structure of the QCD cusp anomalous dimension in terms of color factors is determined
by non-Abelian exponentiation [37–39]. Up to three loops we have
Γcusp =
αs
pi
CRΓ
R
cusp +
(αs
pi
)2
CR
[
ΓRAcusp + nfTFΓ
fR
cusp
]
+
(αs
pi
)3
CR
[
C2AΓ
RAA
cusp
+ (nfTF )
2ΓffRcusp + nfTF
(
CFΓ
fRF
cusp + CAΓ
fRA
cusp
) ]
+O(α4s) . (3.1)
The quadratic Casimir operators CR, CA, CF are defined according to T
a
RT
a
R = CR1R, where
T aR is the generator of the SU(Nc) representation R with Tr[T
a
RT
b
R] = TRδ
ab and Tr[1R] =
NR. In QCD the two relevant representations are the adjoint (R = A) and the fundamental
representation (R = F ) with TF = 1/2. Up to three loops the cusp anomalous dimension
obeys Casimir scaling, i.e. it depends linearly on CR, where R is the representation of the
Wilson loop. Starting at four loops, however, Casimir scaling is violated by terms proportional
to quartic Casimir operators. There are two types of such color factors at this order, which
we denote by dRdA/NR and nfdRdF /NR. Like the color factor CRC
3
A the former belongs to
the purely gluonic part of the cusp anomalous dimension. The quartic Casimir operators are
defined by symmetrized traces1 of four generators [40]
dRdR′
NR
≡ d
abcd
R d
abcd
R′
NR
, dabcdR = STr
[
T aRT
b
RT
c
RT
d
R
]
. (3.2)
At four loops Γcusp then takes the form
Γ(4)cusp = CRC
3
AΓ
RAAA
cusp +
dRdA
NR
ΓdRAcusp + (nfTF )
3CRΓ
fffR
cusp + (nfTF )
2
(
CRCFΓ
ffRF
cusp + CRCAΓ
ffRA
cusp
)
+ nfTF
(
CRC
2
FΓ
fRFF
cusp + CRCFCAΓ
fRFA
cusp + CRC
2
AΓ
fRAA
cusp
)
+ nf
dRdF
NR
ΓfdRFcusp . (3.3)
In table 1 we show for each of the four-loop color structures an example of a contributing
Feynman diagram. We will employ the analogous notation regarding the coefficients of the
different color factors in eqs. (3.1) and (3.3) also for the light-like cusp anomalous dimension
K and the HQET field anomalous dimension γh.
The fermionic quartic Casimir operator nfdRdF /NR only appears in 18 Feynman diagrams
at four loops. Those are the diagrams with a fermion box subdiagram, where the four gluons
are directly attached to the Wilson lines as shown in the (planar) sample diagram in table 1.
The gluonic quartic Casimir operator does not only appear in the corresponding diagrams with
a gluon or ghost box, but for instance also in diagrams like the example diagram for dRdA/NR
shown in table 1. That diagram has the color factor
1
NR
Tr
[
T aRT
b
RT
c
RT
d
RT
a
RT
b
RT
c
RT
d
R
]
=
1
NR
Tr
[
T aRT
b
RT
c
RT
d
R
]
Tr
[
T aAT
b
AT
c
AT
d
A
]
+ · · · = dRdA
NR
+ . . . ,
(3.4)
where the ellipses denote terms involving only quadratic Casimir operators and in the second
step we repeatedly used the Lie algebra [T aR, T
b
R] = if
abcT cR and
(
T bA
)
ac
= ifabc. In a similar
way also diagrams with three gluon vertices give rise to dRdA/NR terms. This illustrates that
the gluonic quartic Casimir operator appears in a much larger set of Feynman diagrams than
nfdRdF /NR.
1 The symmetrized trace is defined by STr[T a1 · · ·T an ] = 1
n!
∑
σ∈Sn Tr[T
aσ(1) · · ·T aσ(n) ], where the sum runs
over all permutations of indices.
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3.2 Calculation of Feynman diagrams
Next we outline our calculation of the four-loop cusp anomalous dimension expanded in small
cusp angle φ. More details on the calculation, especially on the analytic evaluation of the
master integrals, can be found in [17], where the quartic Casimir nfdRdF /NR contribution was
studied. Since we are dealing with many more Feynman diagrams than [17], we automatize
the calculation to a higher degree. The Feynman diagrams are generated with qgraf [41], then
mapped to integral topologies and after this the color, Dirac and Lorentz algebra is performed
using a dedicated Mathematica code.
The integrals appearing in the Feynman diagrams are regular at φ = 0. To obtain their
small angle expansion we can therefore simply expand their integrand in a Taylor series. In
this way we get a power series in φ, where the coefficients are given by linear combinations of
tensor integrals. We perform a tensor reduction to relate the tensor integrals to scalar integrals.
After that only even powers of φ survive upon integration, since the original integrals before
expansion are functions of cosφ. We end up with expressions for each diagram in terms of
scalar four-loop integrals of (Wilson line) propagator-type.
Depending on the Feynman diagram, it may contain integrals with linearly dependent
HQET-type propagators. For example the sample diagrams for the color structures dRdA/NR
and nfTFCRC
2
A in table 1 give rise to such integrals in the small angle expansion. In order
to prepare them for straightforward integration-by-part (IBP) reduction, we remove the linear
dependences between propagators beforehand. This is achieved by applying the multivariate
partial fraction decomposition algorithm outlined in [42]. With the help of a Gro¨bner basis,
the algorithm constructs for a given integral topology with linearly dependent propagators
a set of replacement rules. For any integral belonging to that topology we then obtain an
appropriate partial fraction decomposition by simply applying these rules recursively. The use
of a Gro¨bner basis ensures that the recursion terminates. The result is a sum of integrands
with linearly independent propagators.
3.3 Integral topologies and master integrals
For the IBP reduction we use FIRE5 [43] in combination with LiteRed [44, 45]. After the IBP
reduction we are left with 46 master integrals (MI), belonging to five integral topologies shown
in figure 2. The integral families associated with the first three topologies reduce to 43 MI,
which are already known [17]. We refer the interested reader to the latter reference for the
definition of these topologies. The remaining three MI are new and belong to the topologies 4
and 5. One of these three MI is a particular case of an integral calculated in [46, 47].
Conveniently we introduce one large set of propagators {Dk} to represent the integrals of
both two new topologies 4 and 5 and then restrict the exponents of the propagators accordingly.
We define
G(a1, ..., a16) = e
4γE
∫
ddk1
ipid/2
∫
ddk2
ipid/2
∫
ddk3
ipid/2
∫
ddk4
ipid/2
16∏
k=1
D−akk , (3.5)
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with the denominators
D1 = −2v · k1 + 1 , D2 = −2v · k2 + 1 , D3 = −2v · k3 + 1 , (3.6)
D4 = −2v · k4 + 1 , D5 = −k21 , D6 = −k22 ,
D7 = −k23 , D8 = −k24 , D9 = −(k1 − k2)2 ,
D10 = −(k1 − k3)2 , D11 = −(k1 − k4)2 , D12 = −(k2 − k3)2 ,
D13 = −(k2 − k4)2 , D14 = −(k3 − k4)2 , D15 = −2v · (k1 − k2) + 1 ,
D16 = −2v · (k1 − k3) + 1 ,
and v2 = 1. Note that an integral at four loops with our kinematics can have at most 14 linear
independent propagators. The restrictions on the (integer) exponents for the two topologies
are given by
topology 4: a15, a16 = 0 and a10, a11, a12 ≥ 0 , (3.7)
topology 5: a1, a3 = 0 and a4, a5, a10, a11 ≥ 0 . (3.8)
The exponents that are not listed are not restricted.
To compute the three new MI we proceed exactly as in [17]. Let us briefly summarize
the method here. By raising the power of the (IR-regulated) Wilson line propagators we
choose a basis of integrals that are finite up to a factorizable overall UV divergence (and trivial
divergent factors from bubble-type subdiagrams that we integrate out). To factor out the
overall divergence we conveniently work in position space. Using Feynman parameters we are
then left with finite parameter integrals, which we expand to the required order in . The
individual terms in the  expansion are evaluated with the HyperInt package [48]. We checked
our analytic results for the MI numerically with FIESTA4 [49]. The analytic results for the MI
are presented in the appendix B.
3.4 Renormalization
Putting all pieces together we get the bare expression for the one-particle-irreducible vertex
function V (φ) and from (2.3) the bare expression of logW up to O(α4s). In order to extract
Γ
(4)
cusp using eq. (2.6) we first need to express the bare logW in terms of renormalized quantities.
All present 1/n divergences are of UV origin, because we introduced an off-shellness δ = −1/2
in the HQET propagator to regulate the IR divergences. This IR regulator breaks gauge
invariance, which becomes evident when computing the off-shell Wilson loop in covariant gauge,
i.e. using the gluon propagator
p
=
−i
p2 + i0+
(
gµν + ξ
pµpν
p2 + i0+
)
. (3.9)
In fact, not only the finite part, but also some divergent terms of logW depend on ξ. The latter
are related to the interplay of finite and divergent pieces of lower-loop subdiagrams. Therefore
it is crucial to renormalize the gauge parameter ξ. We emphasize that the corresponding renor-
malization of the gauge fixing part of the Lagrangian is necessary even when using Feynman
gauge (ξ = 0) from the start. In our convention the gauge parameter renormalizes according to
1−ξbare = ZA(1−ξ), where ZA is the renormalization factor of the gauge field Abareµ =
√
ZAAµ.
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Figure 2. Integral topologies of the master integrals of all nf dependent color structures of the cusp
anomalous dimension in the small angle expansion.
The required renormalization constants are e.g. given in [35]. After expressing αbares and ξ
bare
through the respective renormalized quantities the only divergences left in logW are those
associated with the Wilson loop cusp and match eq. (2.6). As the cusp anomalous dimension
is of UV origin and thus insensitive to the off-shellness, it is gauge invariant. Hence, Z must
be ξ independent. This serves as a strong check of our calculation. Note that the finite part of
logW does depend on the gauge parameter as well as on the off-shellness. The determination
of the HQET field anomalous dimension γh from V (0) follows the same lines. Unlike for Γcusp
in this case, however, a dependence on ξ persists.
3.5 Checks of the calculation
We performed several checks of our calculation. Using our computational setup we reproduce
the known lower loop results of Γcusp(φ, αs) [10, 31] and γh(αs) [50–52]. In the case of γh(αs)
our findings at four loops are in agreement with the known analytical and numerical results
[14]. Regarding the cusp anomalous dimension, our result for the nfCRC
2
F term agrees with
[15]. Furthermore, RG consistency and gauge invariance provide stringent tests. Due to the
RGE, the higher 1/n poles of logW in eq. (2.3) are completely determined by the β-function
and lower loop results of the cusp anomalous dimension, see eq. (2.6). The same applies to the
HQET field anomalous dimension. We use this as a direct check of our four loop computation.
As argued before all divergent terms in logW are gauge invariant. We explicitly verify gauge
invariance by computing logW in covariant gauge up to four loops and observe that the
dependence on the gauge parameter ξ drops out in the divergent terms. For γh this check is
not possible, since it is gauge dependent.
4 Results
In this section we collect the our results for the fermionic contributions to the four-loop cusp
anomalous dimension Γ
(4)
cusp(φ) in the small angle expansion to O(φ4) or higher. We also give
the corresponding contributions to the HQET heavy quark field anomalous dimension γ
(4)
h (αs).
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4.1 HQET field anomalous dimension
We determine γ
(4)
h from our calculation of the vertex function at zero cusp angle, V (0). Ac-
cording to eqs. (2.11) and (2.12) we obtain
γffRAh =
(
−35ζ3
24
+
pi4
120
− 4157
31104
)
+ ξ
(
− ζ3
24
+
269
7776
)
, (4.1)
γfRFAh =
(
−15ζ5
8
− 105ζ3
32
+
23pi4
960
+
36503
13824
)
+ ξ
(
−11ζ3
32
− pi
4
960
+
767
1536
)
, (4.2)
γfRAAh =
(
−2299ζ5
1152
− 3ζ
2
3
8
+
37pi2ζ3
864
+
1751ζ3
256
− 1529pi
4
69120
− pi
2
48
+
690965
497664
)
+ ξ
(
− ζ5
576
+
pi2ζ3
432
+
65ζ3
192
− 7pi
4
23040
+
49729
497664
)
+ ξ2
(
− 7ζ3
768
+
pi4
46080
− 109
9216
)
, (4.3)
where we used the notation of eq. (3.3). The result for γffRAh agrees with the analytic expression
obtained in [14]. The other two results for γfRFAh and γ
fRAA
h agree with the numerical results
of [14]. Note that the remaining terms can also be found in that reference.
4.2 Cusp anomalous dimension
Regarding Γ
(4)
cusp(φ), the results for the ‘Abelian’ color structures (nfTF )
3CR [7], (nfTF )
2CRCF
[10, 11] and (nfTF )CRC
2
F [15] are known with full angle dependence and given in eq. (A.4) in
the appendix. The φ2 and φ4 terms of the nfdRdA/NR contribution were computed in [17].
Here we extend its small angle expansion to include the φ6 term, see also [53]:
ΓfdRFcusp =φ
2
(
−4pi
2ζ3
9
+
5pi2
54
+
5pi4
108
)
+ φ4
(
71ζ3
225
− 16pi
2ζ3
675
− 4ζ5
9
− 23
900
− 157pi
2
8100
+
49pi4
8100
)
(4.4)
+ φ6
(
983ζ3
33075
− 32pi
2ζ3
11025
− 64ζ5
1323
+
797
264600
− 1333pi
2
595350
+
421pi4
595350
)
+O(φ8) .
Using the notation of eq. (3.3) we find for the remaining nf dependent color structures in the
small angle expansion
ΓffRAcusp =φ
2
(
−35ζ3
81
+
7pi4
3240
+
19pi2
1458
− 1835
15552
)
+ φ4
(
− 7ζ3
243
+
7pi4
48600
+
19pi2
21870
− 5201
699840
)
+ φ6
(
− 2ζ3
729
+
pi4
72900
+
19pi2
229635
− 25397
36741600
)
+O(φ8) , (4.5)
ΓfRFAcusp =φ
2
(
pi2ζ3
9
− 85ζ3
54
− 5ζ5
12
+
11pi4
2160
− 55pi
2
432
+
25943
15552
)
(4.6)
+ φ4
(
pi2ζ3
135
− 41ζ3
405
− ζ5
36
+
11pi4
32400
− 11pi
2
1296
+
24953
233280
)
+O(φ6) ,
ΓfRAAcusp =φ
2
(
− 7
54
pi2ζ3 +
3611ζ3
1296
− 55ζ5
72
+
11pi4
648
− 923pi
2
2916
+
48161
31104
)
(4.7)
+ φ4
(
−13pi
2ζ3
1350
+
149327ζ3
486000
− 47ζ5
1080
+
293pi4
486000
− 35837pi
2
1749600
+
112207
34992000
)
+O(φ6) .
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5 Conjecture on full angle dependence
Before we compare its predictions to our results of the previous section, let us briefly review
the conjecture we want to test.
5.1 Conjecture
In [10, 27] the authors observed an intriguing pattern in the result of the cusp anomalous
dimension at the first three loop orders. To see this pattern we expand Γcusp(φ) in an effective
coupling λ = piK(αs)/CR as
Γcusp
[
φ, αs(λ)
]
=
∑
k≥1
(
λ
pi
)k
Ω(k)(φ) . (5.1)
In the light-like limit the cusp anomalous dimension equals the lowest order (k = 1) term
in eq. (5.1) by construction. All higher order λ terms vanish in that limit. Starting at four
loops λ depends on the SU(Nc) representation R due to the appearance of the quartic Casimir
operators. In [10, 27] it was found that the expansion coefficients Ω(k)(φ) for k ≤ 3 are
independent of the matter content of the theory, i.e. the number of scalars (ns) and fermions
(nf ), see eqs. (A.1) – (A.3). In particular, they are equal in QCD, pure Yang-Mills, and N =
4 sYM theory. The parameters nf and ns enter eq. (5.1) only through the light-like cusp
anomalous dimension K(αs), i.e. through λ. Based on this observation, the authors of [10, 27]
conjectured that the coefficients Ω(k)(φ) in eq. (5.1) are matter-independent to all orders in
the λ expansion.
This conjecture is particularly interesting because of its predictive power. It allows for
predictions on the matter-dependent terms in the loop expansion of Γcusp based on lower-loop
results. This can be understood by re-expanding eq. (5.1) in αs:
Γcusp(φ, αs) =
αs
pi
Ω(1)(φ) +
(αs
pi
)2 [
Ω(2)(φ) +
1
CR
K(2)Ω(1)(φ)
]
(5.2)
+
(αs
pi
)3 [
Ω(3)(φ) +
1
CR
(
K(3)Ω(1)(φ) + 2K(2)Ω(2)(φ)
)]
+
(αs
pi
)4 [
Ω(4)(φ) +
1
CR
(
K(4)Ω(1)(φ) + 2K(3)Ω(2)(φ) + 3K(2)Ω(3)(φ)
)
+
1
C2R
(
K(2)
)2
Ω(2)(φ)
]
+O (α5s) ,
where we have already inserted the explicit one-loop expression for the light-like cusp anoma-
lous dimension K(1) = CR. To predict for instance the nf piece of Γcusp at two loops it is
sufficient to know Ω(1) = CR(φ tanφ − 1) and the nf term of the two-loop light-like cusp
anomalous dimension KfR = −5nfTFCR/9:
ΓfRcusp = nfTFΩ
(1)KfR = −nfTFCR 5
9
(φ tanφ− 1) . (5.3)
In general, at L loops the angle dependence of the nf contribution to Γcusp is completely
determined by the lower loop coefficients Ω(k)(φ) with k ≤ L − 1. In addition some L-loop
input, e.g. from the asymptotic behavior of Γfcusp in one of the limits, light-like, small angle or
anti-parallel lines, is required to fix the constant K(L).
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Note that the conjecture does not make any statement on the purely gluonic contributions
to the cusp anomalous dimension. In the following we systematically address the question,
for which of the fermionic four-loop terms the conjecture can be successfully validated, and
if some of the yet unknown contributions to Γ
(4)
cusp(φ) can be predicted reliably. The known
CA-independent (‘Abelian’) fermionic terms with full angle-dependence are easily confirmed to
exactly agree with the conjectured results in eq. (A.4). For the quartic Casimir color structure
the check was performed in [17] using the terms in the small angle expansion up to O(φ4).
Here we extend it to the remaining four-loop nf contributions.
5.2 Test of the conjecture at small angles
In appendix A we give the expressions for the nf terms in Γ
(4)
cusp(φ) as predicted by the conjec-
ture. They are obtained by inserting the known lower order Ω(k)(φ) results [27] in eq. (5.2) and
identifying the nf -dependence from the K
(i) with i = 2, 3, 4. Except for the four-loop terms
KfRFA and KfRAA associated with the color structures nfTFCRCFCA and nfTFCRC
2
A, re-
spectively [cf. eq. (3.1)], for which only numerical results are available in the literature [16],
all relevant terms of the K(i) are known analytically, cf. table 1 and eqs. (A.9) and (A.10).
Now we test the conjectured predictions for the (‘non-Abelian’) nf contributions, where the
full angle dependence is unkown yet, using our results at small angles.
Color structures nfTFCRC
2
A and nfdRdF /NR
The contribution with the quartic Casimir factor nfdRdF /NR was studied already in [17].
It was found that the conjectured result for that color structure is incorrect. Nevertheless,
we repeat here the numerical comparison between conjectured and calculated result in the φ
expansion including the new φ6:
ΓfdRF =0.150721φ2 + 0.00965191φ4 + 0.000925974φ6 +O(φ8) , (5.4)
ΓfdRFconj. =0.161321φ
2 + 0.0107548φ4 + 0.00102426φ6 +O(φ8) . (5.5)
The first equation is the numerical version of eq. (4.4). The second equation represents the
conjectured result, where we have used the recent analytic result for KfdRF [19, 20] as the
four-loop input. Instead, in [17] the overall normalization constant was determined from the
anti-parallel lines limit and the quartic Casimir nf term in the analytic result for the static
potential [54]. In that case the conjectured expression is numerically even closer to the correct
result in eq. (5.4) than is eq. (5.5). Regardless of the overall factor the conjectured φ dependence
disagrees (at small angles) with the correct result on the analytical level.
Similarly for the color structure nfTFCRC
2
A the conjecture can be disproved. Using the φ
2
term of our expanded result in eq. (4.7) we can determine the light-like cusp anomalous dimen-
sion term KfRAA in the conjectured all-angles result, eq. (A.7), analytically. The numerical
value KfRAA = −3.4375 is quite close to the known numerical result KfRAA = −3.4426±0.0016
of [16]. With KfRAA fixed we obtain an analytical prediction for the φ4 term of ΓfRAA. This
prediction however contradicts eq. (4.7) despite being numerically close:
ΓfRAA =1.09716φ2 + 0.069745φ4 +O(φ6) , (5.6)
ΓfRAAconj. =1.09716φ
2 + 0.069845φ4 +O(φ6) . (5.7)
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Color structures (nfTF )
2CRCA and nfTFCRCFCA
For the (nfTF )
2CRCA structure the light-like cusp anomalous dimension K
ffRA is known
analytically [12, 13], cf. equation eq. (A.10). In the small angle limit we have computed the
expansion to O(φ6), see eq. (4.5). This allows for three independent test of the conjectured
expression in eq. (A.5). We find perfect agreement.
The nfTFCRCFCA structure is more complex and there is less analytical data available.
We have obtained the small angle expansion to O(φ4) in eq. (4.6) and the corresponding light-
like limit is only known numerically [16]. These results are still sufficient to allow for one
analytical and one numerical check in order to validate the conjecture, i.e. eq. (A.6). Using
the φ2 term of our result in eq. (4.6) as input we find for the (conjectured) light-like cusp
anomalous dimension
KfRFAconj. = −
1
6
pi2ζ3 +
29ζ3
9
+
5ζ5
4
− 11pi
4
720
+
55pi2
288
− 17033
5184
= 0.3031 . (5.8)
This is in perfect agreement with the known numerical value KfRFA = 0.3027 ± 0.0016 [16].
In addition, with eq. (5.8) the analytic φ4 terms of the conjectured and the computed result
match exactly.
5.3 Summary of results and discussion
For the two color structures nfTFCRC
2
A and nfdRdF /NR the conjecture does not hold. We
also checked that a redefinition of the quartic Casimir such that a rational fraction of the
nfTFCRC
2
A coefficient is shifted to the nfdRdF /NR coefficient does not change the conclusion.
2
The nfTFCRC
2
A and nfdRdF /NR terms have in common that, unlike the other fermionic
terms, they receive contributions from the diagrams with a one-loop fermion box subdiagram.
The latter first appear at four loops, where they represent the most complicated class of
Feynman diagrams. It is conceivable that only these particular diagrams are responsible for
the disagreement with the conjectured results. This would explain why, at least according
to our tests, all fermionic four-loop contributions except for the nfTFCRC
2
A and nfdRdF /NR
terms do agree with the conjecture.
Most interestingly, we have shown that the conjectured (nfTF )
2CRCA and nfTFCRCFCA
contributions to Γcusp(φ), given in eqs. (A.5) and (A.6), respectively, exactly reproduce both
the small φ expansion as well as the light-like limit (φ → i∞). We think that these exact
predictions of complicated analytical results containing transcendental numbers up to weight
five strongly supports the conjecture for both of these color structures. While we were able to
perform one such analytical test of the nfTFCRCFCA term, the (nfTF )
2CRCA term even passes
three independent analytical tests of that kind. On the other hand, the light-like nfTFCRCFCA
prediction is in addition checked numerically at the per-mil level. We remark that unlike for
the ‘Abelian’ color structures (without CA), the φ-dependence of these terms is not just given
by the one-loop coefficient Ω(1), but also involves the more complicated coefficient Ω(2) of the
λ expansion in eq. (5.1).
Our conjectured result for the nfTFCRCFCA contribution includes the important special
case of the light-like cusp anomalous dimension KfRFA, for which we provide a novel analytic
2This includes the particular linear combination obtained in the planar limit (Nc → ∞) of the linear nf
contribution to Γcusp(φ).
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result in eq. (5.8). Based on the evidence found we assume in the following that eq. (5.8) is
the correct exact result. As shown in [20], we are thus in the position to determine also the
last missing fermionic contribution KfRAA analytically by combining the other linear nf pieces
and the known planar nf term [12, 16]:
KfRAAconj. = 2K
(4)
planar,nf
− K
fRFA
conj.
2
− K
fRFF
4
− K
fdRF
24
(5.9)
= −361ζ3
54
+
7pi2ζ3
36
+
131ζ5
72
− 24137
10368
+
635pi2
1944
− 11pi
4
2160
(5.10)
= −3.44271 .
To obtain eq. (5.9) we have expanded the associated color factors to leading order in 1/Nc in
order to match the prefactor of K
(4)
planar,nf
. Again we find perfect agreement of our conjectured
result in eq. (5.10) with the numerical result KfRAA = −3.4426± 0.0016 of [16].
6 Anti-parallel lines limit
In the anti-parallel lines limit the cusp anomalous dimension is closely related to the static
quark-antiquark potential, which was first observed at one loop in [22]. The expansion around
δ = pi − φ 1 takes the form
Γcusp(pi − δ, αs) = −CRαsVcusp(αs)
δ
+O
(
α4s
log δ
δ
)
, (6.1)
where the log δ term at four loops is only present in the CRC
3
A color structure [53] and the
coefficient Vcusp is δ-independent. The relation to the static quark-antiquark potential can
be understood by interpreting δ on the right hand side of the equation above as the distance
between the static quarks. Indeed, there exits a conformal transformation for δ  1 that
maps the cusp configuration to two anti-parallel Wilson lines separated by the distance δ, see
e.g. [10, 33]. In momentum space the static quark-antiquark potential is given by [54–56]
V (~q) = −CR 4piαs(|~q|)
~q 2
VQQ¯
(
αs(|~q|)
)
, (6.2)
where we set the renormalization scale to µ = |~q| in order to avoid logarithms of the form
logn(µ2/~q 2). It is however straightforward to restore the full dependence on the renormalization
scale [57]. After Fourier transformation to position space and for equal renormalization scales
in the cusp anomalous dimension and the position-space static potential, one directly finds
Vcusp(αs) = VQQ¯(αs) in a conformal theory like N = 4 sYM, for details we refer to [10].
In QCD, however, conformal invariance is broken by an anomaly, which becomes manifest
in the running of the strong coupling αs. The relation between Vcusp and VQQ¯ must therefore
be supplemented by terms proportional to the QCD β-function, β(αs) = O(αs), see e.g. [58],
Vcusp(αs)− VQQ¯(αs) = β(αs)C(αs) , C(αs) =
∑
k≥1
(αs
pi
)k
C(k) . (6.3)
With the known three-loop cusp anomalous dimension and the two loop static potential [59–61]
we have C(1) = (47CA − 28nfTF )/27 [10]. Note the absence of transcendental terms in this
expression.
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Since also the three-loop result for the static potential is available analytically [54], we
can use the conjecture to extract information on C(2). Given that the conjecture does not
hold for all color structures at four loops, we decompose the cusp anomalous dimension in two
terms. The first term is predicted by the conjecture, while the second term accommodates the
correction to the conjecture for the nfTFCRC
2
A and nfdRdF /NR contributions. Assumig the
correctness of the conjectured results for all other four-loop color structures we thus write in
the anti-parallel lines limit3
Vcusp(αs)
∣∣
ferm.
= Vconj.(αs)−
(αs
pi
)3
nf
[
dRdF
NRCR
V fdRFcorr. + TFC
2
AV
fRAA
corr.
]
+O(α4s) . (6.4)
According to eq. (6.3) this information from the fermionic contributions is sufficient to fix
C(2) = (nfTF )
2
(
134
243
− 2ζ3
9
)
+ nfTFCA
(
−5ζ3
4
− pi
4
24
+
79
3888
)
(6.5)
+ nfTFCF
(
19ζ3
6
+
pi4
60
− 1711
288
)
+ C2A
(
3KfRAA − 3V fRAAcorr. −
171ζ23
128
− 211pi
6
17920
− 1091ζ5
128
− 55pi
2ζ3
192
+
203pi4
1152
+
81ζ3
4
− 11821pi
2
5184
+
238315
31104
+
9
4
ζ−5,−1
+
21
32
pi2ζ3 log(2) +
3
2
pi2Li4
(
1
2
)
+
1
16
pi2 log4(2)− 3
64
pi4 log2(2)
+
5
192
pi4 log(2) +
1
16
pi2 log(2)
)
.
The (nfTF )
2 and nfTFCF terms agree with [11] and the absence of the C
2
F term has also
been shown in [15]. The transcendental constants log(2), Li4(1/2) and ζ−5,−1 come from the
α3snfTFC
2
A term in the static potential. Also the quartic Casimir α
3
s(nfdRdF )/(NRCR) term
in the static potential contains log(2) [54], cf. eq. (6.7) below. This is a rather interesting
observation, because only the two color structures that disagree with the conjecture contain
transcendental constants other than single zeta values.
We can also quantify the corrections in the anti-parallel lines limit for the quartic Casimir
nfdRdF /NR color structure. The anomaly term β(αs)C(αs) is independent of the quartic
Casimir nfdRdF /NR at O(α3s), thus we have from eqs. (6.3) and (6.4)
V fdRFcusp = K
fdRF − V fdRFcorr. = V fdRFQQ˜ . (6.6)
With the known value for the light-like cusp anomalous dimension KfdRF = −0.484 [19, 20]
and the three loop static potential [54]
V fdRF
QQ˜
=
5pi6
192
− 61pi
2ζ3
24
− 23pi
4
48
+
79pi2
72
+ log(2)
(
21
4
pi2ζ3 − 1
4
pi4 log(2) +
1
12
pi4 +
1
2
pi2
)
= − 0.444 . (6.7)
we see that in the anti-parallel lines limit the correction to the conjecture amounts to V fdRFcorr. ≈
−10% for the quartic Casimir nf contribution.
3Note the (traditional) factor of 1/CR in the definition of the quartic Casimir color structure associated with
the V fdRF potential coefficient. We adopt this convention also in eqs. (6.6) and (6.7).
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7 Conclusion
In this work we computed the small angle (φ) expansion of fermionic contributions to the
QCD cusp anomalous dimension at four loops. Our results are given in section 4. They
include terms up to O(φ4) and for some of the color structures even up to O(φ6). From our
calculation for zero cusp angle, i.e. at O(φ0), we also obtain new analytic results for the HQET
field anomalous dimension in generalized covariant (ξ) gauge.
We then used our small angle results for Γcusp(φ) to verify the conjecture of [10, 27]. This
conjecture allows to predict the full angle dependence of the fermionic part of Γcusp(φ) from
lower-loop results. Comparing the predicted four-loop expressions, given in appendix A, to
our calculated analytic results at small angle we found strong evidence that the conjectured
all-angles expressions are correct for all fermionic contributions except for the nfTFCRC
2
A
and the nfdRdF /NR terms. The reason for these exceptions might be connected to four-loop
HQET Wilson-line diagrams with a fermion box subdiagram, which exclusively contribute to
the nfTFCRC
2
A and nfdRdF /NR pieces. For further discussion see section 5.3.
The conjectured expressions passing our tests include novel results for the (nfTF )
2CRCA
and nfTFCRCFCA contributions to Γcusp(φ) with full angle dependence. Using the light-like
limit of the conjectured nfTFCRCFCA term together with available results from the literature
we determined in addition novel analytic expressions for the nfTFCRCFCA and the nfTFCRC
2
A
contributions to the light-like cusp anomalous dimension. They are in perfect agreement with
the known numerical values. This completes the analytic result for the fermionic part of the
four-loop light-like cusp anomalous dimension in QCD [20].
Finally, we also studied the anti-parallel lines limit of the cusp anomalous dimension. In
this limit the cusp anomalous dimension is related to the static quark-antiquark potential
plus a conformal anomaly term. The latter is proportional to the QCD β-function. In sec-
tion 6, we used our results for Γcusp(φ) in order to explore this relationship. We obtained new
contributions to the conformal anomaly term at O(α3s).
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A Lower-loop and conjectured four-loop Γcusp(φ)
In this appendix we list the known and conjectured full angle-dependent results for all fermionic
color structures of the cusp anomalous dimension at four loops. The results are expressed
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in terms of the light–like cusp anomalous dimension K(αs) and seven coefficient functions
A1,2,3,4,5, and B3,5, encoding the angle dependence. For convenience we also present the ex-
pansions of the coefficient functions in the small angle and the anti–parallel lines limits. We
start with the expansion coefficients of Γcusp[φ, αs(λ)] in eq. (5.1) as given in [10],
Ω(1)(φ) = CRA˜1 , (A.1)
Ω(2)(φ) =
CRCA
2
(
pi2A˜1
6
+ A˜2 + A˜3
)
, (A.2)
Ω(3)(φ) =
CRC
2
A
4
(
−A˜2 + A˜4 + A˜5 + B˜3 + B˜5 − pi
4
180
A˜1 +
pi2
3
(
A˜2 + A˜3
))
, (A.3)
where A˜i = A˜i(x) and B˜i = B˜i(x) with x = e
iφ. The ‘Abelian’ nf -dependent contributions to
Γcusp(φ) are known. They have the same functional angle dependence as the one-loop result
[7, 10, 11, 15]:
ΓCcusp = K
CA˜1 , with C = fffR, fRF, fRFF . (A.4)
Here and in the following we use the notation of eqs. (3.1) and (3.3) for the different color
structures. Next we give the results for the other fermionic color structures as predicted by
the conjecture:
ΓffRAconj. = K
ffRAA˜1 +
((
KfR
)2
2
+KffR
)(
pi2A˜1
6
+ A˜2 + A˜3
)
, (A.5)
ΓfRFAconj. = K
fRFAA˜1 +K
fRF
(
pi2A˜1
6
+ A˜2 + A˜3
)
, (A.6)
ΓfRAAconj. = K
fRAAA˜1 +K
fRA
(
pi2A˜1
6
+ A˜2 + A˜3
)
+KfR
[
− pi
4
240
A˜1 +
pi2
4
(
A˜2 + A˜3
)
(A.7)
+
3
4
(
−A˜2 + A˜4 + A˜5 + B˜3 + B˜5
)
+KRA
(
pi2A˜1
6
+ A˜2 + A˜3
)]
,
ΓfdRFconj. = K
fdRF A˜1 . (A.8)
Analytical expressions for the light-like cusp anomalous dimension are available up to three
loops [31, 62]:
K = CR
αs
pi
+
(αs
pi
)2 [−5
9
nfTFCR + CACR
(
67
36
− pi
2
12
)]
+
(αs
pi
)3 [− 1
27
(nfTF )
2CR
+ nfTFCRCF
(
ζ3 − 55
48
)
+ nfTFCRCA
(
−7ζ3
6
− 209
216
+
5pi2
54
)
(A.9)
+ CRC
2
A
(
11ζ3
24
+
245
96
− 67pi
2
216
+
11pi4
720
)]
+
(αs
pi
)4
K(4) +O(α5s) .
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Depending on the color factor the contributions at four loops are either known analytically or
numerically [8, 12, 13, 16, 18–21]:
K(4) = (nfTF )
3CR
(
− 1
81
+
2ζ3
27
)
+ (nfTF )
2CRCA
(
35ζ3
27
− 7pi
4
1080
− 19pi
2
972
+
923
5184
)
(A.10)
+ (nfTF )
2CRCF
(
−10ζ3
9
+
pi4
180
+
299
648
)
+ nfTFCRC
2
F
(
37ζ3
24
− 5ζ5
2
+
143
288
)
+ nfTFCRCFCA
(
0.3027± 0.0016)+ nfTFCRC2A(− 3.4426± 0.0016)
+ nf
dRdF
NR
(
pi2
6
− ζ3
3
− 5ζ5
3
)
+
dRdA
NR
(− 1.9805± 0.0078)+ CRC3A(2.38379± 0.00039).
The coefficient functions are given by [10]
A˜i(x) = Ai(x)−Ai(x) , B˜i(x) = Bi(x)−Bi(x) , (A.11)
A1(x) = ξ˜
1
2
H1(y) ,
A2(x) =
[
pi2
3
+
1
2
H1,1(y)
]
+ ξ˜
[
−H0,1(y)− 1
2
H1,1(y)
]
,
A3(x) = ξ˜
[
−pi
2
6
H1(y)− 1
4
H1,1,1(y)
]
+ ξ˜2
[
1
2
H1,0,1(y) +
1
4
H1,1,1(y)
]
,
A4(x) =
[
−pi
2
6
H1,1(y)− 1
4
H1,1,1,1(y)
]
+ ξ˜
[
pi2
3
H0,1(y) +
pi2
6
H1,1(y) + 2H1,1,0,1(y)
+
3
2
H0,1,1,1(y) +
7
4
H1,1,1,1(y) + 3ζ3H1(y)
]
+ ξ˜2 [−2H1,0,0,1(y)− 2H0,1,0,1(y)
−2H1,1,0,1(y)−H1,0,1,1(y)−H0,1,1,1(y)− 3
2
H1,1,1,1(y)
]
,
A5(x) = ξ˜
[
pi4
12
H1(y) +
pi2
4
H1,1,1(y) +
5
8
H1,1,1,1,1(y)
]
+ ξ˜2
[
−pi
2
6
H1,0,1(y)− pi
2
3
H0,1,1(y)
−pi
2
4
H1,1,1(y)−H1,1,1,0,1(y)− 3
4
H1,0,1,1,1(y)−H0,1,1,1,1(y)− 11
8
H1,1,1,1,1(y)
−3
2
ζ3H1,1(y)
]
+ ξ˜3
[
H1,1,0,0,1(y) +H1,0,1,0,1(y) +H1,1,1,0,1(y) +
1
2
H1,1,0,1,1(y)
+
1
2
H1,0,1,1,1(y) +
3
4
H1,1,1,1,1(y)
]
,
B3(x) =
[
−H1,0,1(y) + 1
2
H0,1,1(y)− 1
4
H1,1,1(y)
]
+ ξ˜
[
2H0,0,1(y) +H1,0,1(y) +H0,1,1(y) +
1
4
H1,1,1(y)
]
,
B5(x) =
x
1− x2
[
−pi
4
60
H−1(x)− pi
4
60
H1(x)− 4H−1,0,−1,0,0(x) + 4H−1,0,1,0,0(x)
−4H1,0,−1,0,0(x) + 4H1,0,1,0,0(x) + 4H−1,0,0,0,0(x) + 4H1,0,0,0,0(x)
+ 2ζ3H−1,0(x) + 2ζ3H1,0(x)
]
,
with ξ˜ = (1 + x2)/(1 − x2), y = 1 − x2, x = eiφ. The H~a(y) denote harmonic polylogarithms
according to [63, 64].
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For the small angle expansion of the above coefficient functions around φ = 0 we find up
to O(φ6):
A1(φ) = 1− 1
3
φ2 − 1
45
φ4 − 2
945
φ6 +O(φ8) , (A.12)
A2(φ) =
pi2
3
− 2− 1
9
φ2 − 14
675
φ4 − 304
99225
φ6 +O(φ8) ,
A3(φ) =
(
1− pi
2
3
)
+ φ2
(
pi2
9
− 7
18
)
+ φ4
(
pi2
135
− 2
225
)
+ φ6
(
38
99225
+
2pi2
2835
)
+O(φ8) ,
A4(φ) =
(
6ζ3 +
2pi2
3
− 6
)
+ φ2
(
−2ζ3 + 91
54
+
pi2
27
)
+ φ4
(
−2ζ3
15
+
1789
20250
+
14pi2
2025
)
+ φ6
(
− 4ζ3
315
+
250121
20837250
+
304pi2
297675
)
+O(φ8) ,
A5(φ) =
(
−3ζ3 + pi
4
6
− 2pi
2
3
+ 2
)
+ φ2
(
2ζ3 − 65
54
+
5pi2
27
− pi
4
18
)
+ φ4
(
−ζ3
5
+
1649
10125
+
41pi2
2025
− pi
4
270
)
+ φ6
(
−2ζ3
63
+
6401
1157625
+
349pi2
99225
− pi
4
2835
)
+O(φ8) ,
B3(φ) = 4− 5
54
φ2 − 889
40500
φ4 − 80299
20837250
φ6 +O(φ8) ,
B5(φ) =
3ζ3
2
+ φ2
(
ζ3
3
+
1
18
)
+ φ4
(
11ζ3
225
+
31
2700
)
+ φ6
(
202ζ3
33075
+
143
99225
)
+O(φ8) .
In the anti-parallel lines limit δ = pi − φ 1 we obtain:
δA1(pi − δ) = −pi +O(δ) , (A.13)
δA2(pi − δ) = 2pi log(iδ)− ipi2 + 2pi log(2) +O(δ) ,
δA3(pi − δ) = −2pi log(iδ) + ipi2 + 2pi − 2pi log(2) +O(δ) ,
δA4(pi − δ) = pi
4
3δ
+ 4pi log2(iδ) +
(
−4ipi2 + 4pi
3
3
+ 8pi log(2)
)
log(iδ)
+ 9piζ3 − 2ipi
4
3
− 2pi3 − 8pi + 4pi log2(2) +
(
4pi3
3
− 4ipi2
)
log(2) +O(δ) ,
δA5(pi − δ) = −pi
4
3δ
− 2pi log2(iδ) +
(
2pi + 2ipi2 − 4pi
3
3
− 4pi log(2)
)
log(iδ)− 9piζ3
+
2ipi4
3
+ pi3 − ipi2 + 3pi − 2pi log2(2) +
(
2pi + 2ipi2 − 4pi
3
3
)
log(2) +O(δ) ,
δB3(pi − δ) = −2pi log2(iδ) +
(−4pi log(2) + 2ipi2) log(iδ)− 2pi log2(2) + 2ipi2 log(2) +O(δ) ,
δB5(pi − δ) = pi
5
16
+O(δ) .
B Master integrals
For the small angle expansion of the fermionic part of the cusp anomalous dimension 46 master
integrals are needed; 43 of which are already known [17]. Below we list the three new master
integrals, which we compute with the method outlined in section 3.3. These integrals are
defined by the eqs. (3.5) and (3.6). The first integral is associated with topology 3 and the
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other two integrals are associated with topology 5 in figure 2.
G(1, 1, 1, 0, 1, 1, 1, 0, 0, 0, 0, 0, 2, 1, 0, 0) =
1
3
pi2
18
+
1
2
(
2pi2
9
− 7ζ3
3
)
(B.1)
+
1

(
− 28ζ3
3
+
181pi4
540
+
2pi2
3
)
+
(
− 251
27
pi2ζ3 − 28ζ3 − 250ζ5
3
+
181pi4
135
+
16pi2
9
)
+ 
(
910ζ23
9
− 1004pi
2ζ3
27
− 224ζ3
3
− 1000ζ5
3
+
1711pi6
1260
+
181pi4
45
+
40pi2
9
)
+ 2
(
3640ζ23
9
− 11617pi
4ζ3
405
− 1004pi
2ζ3
9
− 560ζ3
3
− 4634pi
2ζ5
15
− 1000ζ5
− 14729ζ7
6
+
1711pi6
315
+
1448pi4
135
+
32pi2
3
)
+O(3) ,
G(0, 1, 0, 0, 0, 1, 1, 0, 1, 0, 0, 0, 1, 2, 1, 2) =
1
2
(
− pi
2
12
)
+
1

(
9ζ3
4
+
pi2
3
)
(B.2)
+
(
− 31ζ3 − 277pi
4
720
− pi2
)
+ 
(
487pi2ζ3
36
+ 27ζ3 − 5ζ5
4
+
883pi4
180
+
16pi2
3
)
+ 2
(
− 1505ζ
2
3
4
− 1753pi
2ζ3
9
− 408ζ3 − 2405ζ5 − 703pi
6
1680
− 277pi
4
60
− 52pi
2
3
)
+ 3
(
9085ζ23
3
+
98243pi4ζ3
1080
+
487pi2ζ3
3
+ 820ζ3 − 23821pi
2ζ5
60
− 15ζ5
− 4184ζ7 + 164417pi
6
3780
+
2926pi4
45
+ 80pi2
)
+O(4) ,
G(0, 2, 0, 0, 0, 0, 1, 2, 1, 0, 0, 0, 1, 0, 2, 3) =
1

(
1
2
− pi
2
12
)
+
(
6ζ3 − 2pi
2
3
+ 3
)
(B.3)
+ 
(
48ζ3 − 167pi
4
180
− 5pi
2
2
+ 14
)
+ 2
(
325pi2ζ3
9
+
898ζ3
3
+ 372ζ5 − 334pi
4
45
− 29pi
2
3
+ 60
)
+ 3
(
− 584ζ23 +
2600pi2ζ3
9
+ 1412ζ3 + 2976ζ5 − 1733pi
6
252
− 4109pi
4
90
− 38pi2 + 248
)
+ 4
(
− 4672ζ23 +
25403pi4ζ3
135
+
5494pi2ζ3
3
+
18232ζ3
3
+
31891pi2ζ5
15
+
102658ζ5
5
+ 20052ζ7 − 3466pi
6
63
− 1931pi
4
9
− 452pi
2
3
+ 1008
)
+O(5) .
Using IBP relations, the three master integrals can be exchanged for integrals with uni-
formal transcendental weight:
G(1, 1, 1, 0, 2, 1, 1, 0, 0, 0, 0, 0, 2, 1, 0, 0) =
1
3(1− 2)
[
pi2
9
− 14ζ3
3
+ 2
181pi4
270
(B.4)
+ 3
(
−502
27
pi2ζ3 − 500ζ5
3
)
+ 4
(
1820ζ23
9
+
1711pi6
630
)
+ 5
(
−23234
405
pi4ζ3 − 9268pi
2ζ5
15
− 14729ζ7
3
)
+O(6)
]
,
G(0, 1, 0, 0, 0, 0, 1, 2, 2, 0, 0, 0, 2, 0, 1, 2) =
1
4
[
− 1
2
− 2 13pi
2
6
+ 3
110ζ3
3
− 4 63pi
4
10
(B.5)
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+ 5
(
1718pi2ζ3
9
+
1502ζ5
5
)
+ 6
(
−22468ζ
2
3
9
− 233pi
6
15
)
+ 7
(
12274pi4ζ3
15
+
23366pi2ζ5
15
− 74338ζ7
7
)
+O(8)
]
,
G(0, 1, 0, 0, 0, 1, 1, 0, 2, 0, 0, 0, 1, 2, 1, 1) =
1
3(1− 2)
[
pi2
9
− 11ζ3
3
+ 2
383pi4
540
(B.6)
+ 3
(
−709
27
pi2ζ3 − 335ζ5
3
)
+ 4
(
4625ζ23
9
+
35437pi6
11340
)
+ 5
(
−128977
810
pi4ζ3 − 7693pi
2ζ5
15
− 18037ζ7
6
)
+O(6)
]
.
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